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ABSTRACT. Teichmiiller theory has played an essential role in the study of
mapping class groups of surfaces. In this paper, we introduce the complex
structure and the Weil-Petersson metric on Teichmiiller space. Additionally,
we present a positive solution to the Nielsen realization problem.

CONTENTS
1. Introduction 1
2. The analytic structure on Teichmiiller space 2
2.1.  Variations of solutions 3
2.2. The differential of ® 5
2.3.  The complex structure 7
3. The Weil-Petersson metric 9
4. Eichler integrals and the Beltrami equation 11
5. Convexity of geodesic length functions 14
6. The Nielsen realization problem 17
Acknowledgments 18
References 18

1. INTRODUCTION

Let Sy denote a closed oriented surface of genus g. The mapping class group of
Sy is the group of orientation-preserving self-homeomorphisms of S; modulo those
that are isotopic to the identity. That is,

Mod(S,) = Homeo™ (S,)/ Homeog(S,).

The Nielsen realization problem was first posed by Jakob Nielsen in 1932. One
formulation is as follows.

Question 1.1 (Nielsen Realization Problem). Let G be a finite subgroup of Mod(Sy).
Does there exist a Riemann surface X whose underlying topological space is home-
omorphic to Sy such that G may be realized as a finite subgroup of Aut(X)?

Rephrasing, the question asks whether there exist a complex structure on Sy
such that each element of G admits a representative which acts as a conformal
automorphism. Recall that Mod(S,) acts on the Teichmiiller space T, of marked
Riemann surfaces of genus g. An equivalent formulation is whether there exists a
point of T, which is fixed by every element of G.
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The positive solution for g = 1 is a classical result, in which case Mod(S,) =
SL(2,Z) and T, = H?. Partial results for the case where g > 2 were obtained in
the years after Nielsen posed the question, but the general problem remained open
until Steven Kerckhoff provided an affirmative solution in 1983. Since then, several
other solutions have been put forward.

In this paper, we develop the relevant complex analytic theory of Teichmiiller
space, showing that it is a complex manifold. We construct the Weil-Petersson
metric and show that it is Kahler. That is, the metric osculates to order 2 to
the Euclidean metric. This is essential for performing computations along Weil-
Petersson geodesics in local coordinates. We then sketch a solution to the Nielsen
realization problem due to Scott Wolpert [7], which proceeds via a comparison of
the Beltrami equation with the classical theory of Eichler integrals.

Throughout the paper, we will consider the Teichmiiller space T, of marked
Riemann surfaces with genus g for some fixed g > 2. We denote by I' a discrete
subgroup of PSL(2,R) such that H/T is a Riemann surface of genus g.

2. THE ANALYTIC STRUCTURE ON TEICHMULLER SPACE

We start by recalling the measurable Riemann mapping theorem, which describes
solutions to the Beltrami equation and their dependence on parameters. Let u :
C — C be a measurable function with ||l < 1. A mapping f : C — C is
conformal with respect to the metric ds = |dz + pdz| if and only if f satisfies the
Beltrami equation

(2.1) f= = uf..
A homeomorphism of C satisfying (2.1) extends uniquely to a homeomorphism of
the Riemann sphere of C.

Theorem 2.2 ([3]). There exists a unique quasiconformal homeomorphism f* of
C fizing 0, 1, and oo which satisfies the Beltrami equation (2.1). Furthermore, if
= p(t) depends analytically on a real parameter t, then f*(z) depends analytically
on t for every fized z.

Now suppose p is only defined on the upper half plane H = {z € C : Im z > 0}.
Then p admits a natural extension to C by setting

(z) = {0 e

w(Z) Imz<O.
We will identify p with its extension. The unique solution f# to (2.1) then satisfies

f*(z) = f#(z). In particular, f* preserves the real line and takes H to itself.

Remark 2.3. One may instead extend p by setting u(z) = 0 for Imz < 0. The
unique solution to the associated Beltrami equation is denoted w(z). It will at
times be useful to work with w*(z) as well, so throughout this section we record
the relevant properties.

Using Theorem 2.2, one defines an exponential map from the space L>(T") of I'-
equivariant Beltrami coefficients to the Teichmiiller space T}, of a Riemann surface
uniformized by I'. One then defines a complex structure on Teichmiiller space such
that this map is a holomorphic submersion. The rest of the section will carry out
this procedure in detail.
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We briefly recall one construction of Teichmiiller space as a representation space.
For details of this construction, see Section 2.1 of [1]. Consider the fundamental
group of a surface of genus g

g
Fg = 7T1(Sg) = <a1,b1,...,ag,bg|H[ai,bi] = 1> .
i=1

Then for any Riemann surface of genus g uniformized by a group I' < PSL(2,R),
we have I' 2 I'y. We denote the set of such groups I' by 3. We consider the space of
discrete faithful representations I'y — PSL(2,R), where two representations 6 and
0’ are considered equivalent if there exists A € PSL(2,R) such that 6(y)A = A0'(y)
for all v € I'y. The space of equivalence classes of such representations is the
Teichmiiller space 7.

Let 0 be a representative for a point of T;,. After conjugating, we may assume
that the fixed points of 6(a; ) are 0 and oo, and that the attractive fixed point of (b;)
is 1. We call such representations normalized and we see that each point of T, has
a unique normalized representative, hence we identify normalized representations
with their images. A dimension count reveals that a normalized representation is
determined by 6g — 6 real parameters. As a result, we may realize T} as a subspace
of R69-6,

We say a Beltrami differential v € L*°(H) is I'-equivariant if
"(z
7 S = (2
for all v € T. That is, v descends to a (—1, 1)-form on H/T". We denote the set of
I-equivariant Beltrami differentials by B(T'). Suppose p € B1(I') = {v € B(T) :
l¥]lo < 1}. Let f# be the normalized solution to the Beltrami equation as in
Theorem 2.2. Then for any v € I', a computation reveals that the mapping f* o~y
also satisfies (2.1). It follows from the uniqueness part of Theorem 2.2 that there
exists a unique element v* € PSL(2,R) such that

(2.4) floy=~"o fr

Now fix a normalized representation 6 with image I'. The group I' serves as a
basepoint for T,. We define a map 6 : Ty, — PSL(2,R) by

0*(y) = 0(7)"

where the right hand side is defined as in (2.4). Then 6* is a normalized rep-
resentation of I'j whose image we denote by I'*. Thus, we have defined a map
®: Bi(T') —» Ty, p — T Analysis of ® and its derivative will yield an explicit
description of the tangent space to Teichmiiller space, which is necessary to define
the complex structure.

~—

2

2
S~—

2.1. Variations of solutions. The starting point of this development is the ana-
lytic dependence of solutions to the Beltrami equation on the differential. To ana-
lyze infinitesimal variations of solutions, we define for p, v € L°°(H) with ||u|lo0 < 1
the variation

Fl(z) = tim L) = M) d

t—0 t - % =0

7 (2)

For ;1 = 0, we simplify the notation to f[v]. The variation may be thought of as a
quasiconformal vector field on H.
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More generally, for any function depending on pu € L (H), we define the varia-
tion

: Pt t)() - Pi)(2)
(2.5) Fl)(z) = lim :
and write F(0)[v] = F[v].
A direct computation shows that f#[v] is R-linear in v and

(f* 1)z = ()= + v L.
When p = 0, we obtain the simpler

(2.6) flvlz=v.

The normalization of solutions to the Beltrami equation implies that f[v](z) = 0
for z = 0,1,00. Furthermore, through an analysis of the boundary behavior of
solutions, one can show that f[v](z) is o(|z|?) as z — oc. In fact, this is enough to
uniquely specify f [v]. Ahlfors and Bers obtained the following explicit description
of f in their solution to the Beltrami equation.

Proposition 2.7 ([2]).

(2.8) () = —2Re / /H v(2)R(z. C)drdy

™

where

1 ¢ (-1 ¢—1
R0 = o -t e ot S
z—(¢ z-1 z z2(z—=1)(z = ()
The proof is essentially an application of the generalized Cauchy integral for-
mula but involves some careful estimates. Note that the above observations are
immediate from the proposition.

Remark 2.9. If one instead considers the variation w(v], then one has
(2.10) fIV)(z) = w[v)(z) + 0[] (Z).

Indeed, one finds that w[v](z) = 0 for z = 0,1,00, Wz = v for z € H, and 1 = 0
for z € L. These properties completely characterize w[v] ([5], Theorem 4.37), and
the statement follows from the uniqueness of f[v].

We now study variations of translations in the following sense. Given pu, A €
B1(T'), consider the corresponding points I'* and I'* of T,. Suppose there exists a
Beltrami differential p € B;(I'*) such that

froyt =qto fr.

That is, f? takes I to T* in T,. By Theorem 2.2, this occurs if and only if
f* = fro fA. A direct computation shows that this holds if and only if

o ,\:M—)\ (fz’\)z
2 el =)

in which case we write p = p | A.
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To understand the variation of this translation, we define p : By(I') — B;(I'?)

by p(u) = p | A\. The function p will play the role of the change of coordinates map
when defining the manifold structure on T,. By (2.11), we have

vt A2 A1
A+t = | ——— 2 ) o .
st =i () o
Differentiating both sides with respect to ¢ yields

(2.12) p(N)[v] = Ly

where ( )\)2
Ay = |2z o (M1
o= | o)

The map v + L*v provides a C-linear isomorphism between B(T') and B(T?).
For any function f defined on B;(T'), we define a new function fy on B;(I'}) by
requiring

(2.13) fw) = (| A) = faop.
Then one sees
(2.14) FOOW) = AL

In particular, for the function pu — f* we find that

Pl = fILv o f2
As a result, it suffices to understand variations of solutions at the basepoint I" of
T,.
2.2. The differential of ®. In this subsection, we describe the differential of ®
at the basepoint I'. We then compute its kernel.

Let v € B(I'). Replacing u in (2.4) by tv and differentiating with respect to ¢
yields

(2.15) flvlon(z) =4[](2) ++'(2) f[V(2)
where 4[v] is defined as in (2.5).

Lemma 2.16. The function ¥[v]/v" is a quadratic polynomial, which we denote by
Q4[V(2).

Proof. For this proof, we work in the unit disk model D = {z € C : |2| < 1},
translating from the upper half plane by the conformal automorphism taking 0, 1, co
to 1, —1,14. Differentiating (2.15) with respect to z gives
VoY =4z +7 flv]z = 4]z +9'v.

where the second equality holds by (2.6). Since v is I'-equivariant, this implies
4[v]z = 0. That is, 4[] is holomorphic. In addition, Mdbius transformations
preserve the boundary of the disk, hence if |z| = 1, then Re (¥[v]/y) = 0 and
Im (27'/v) = 0. It follows that Re(¥[v]/z7y") = 0. By the Schwarz reflection
principle, 4[v]/z7" admits an extension to all of C with a pole of order at most 1
at 0 and co. That is, 4[v]/7" is holomorphic everywhere except for a pole of order
at most 2 at co. We conclude that 4[v]/v" = @ is a quadratic polynomial. O

Remark 2.17. It follows from (2.10) that the analogously defined period of w[v]
is also a quadratic polynomial.
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Note that the variation f is real linear, but not complex linear. We may decom-
pose it into its complex linear and complex antilinear parts. The latter is given
by

o[Vl(2) = fV](2) + if[iv](2).
By (2.6),
plvlz=v—-v=0
hence ¢[v] is holomorphic. Viewing f as a quasiconformal vector field on H, ov] is
its holomorphic part.

If v € B(T'), the vector field ¢[v] is not necessarily I'-equivariant. The obstruction
to being equivariant is measured by the period

(2.18) Plv] = ﬂ”}yf T gy,
We find that
Py[v] = Q V] +iQy liv],

so by Lemma 2.16, P,[v] is a quadratic polynomial as well.

Remark 2.19. One can also recover Q[v] from P,[v] as
1 S =
Q4v] = 3 (Py[v] — 2*P,(1/7)) .
See [1] for a proof.

Differentiating enough times, one recovers a I'-equivariant object. Indeed, a
direct computation shows that the third derivative ¢[v] := ¢[v]"’ is a holomorphic
quadratic differential satisfying

(elr] o) (v)? = ¢lv].
That is, ¢[v] is a holomorphic quadratic differential for T.
Let Q(T') denote the complex vector space of I'-equivariant holomorphic qua-
dratic differentials. By the Riemann-Roch theorem, dim Q(T") = 3g — 3. Let N(T")
be the subspace of B(T") consisting of Beltrami differentials v for which ¢[v] = 0.

Theorem 2.20. The mapping B(T')/N(T') — Q(T') defined by v — @[v] is an
antilinear isomorphism.

Proof. The mapping is injective by the definition of N(I'). It remains to show that
it is surjective. Let ¢ € Q(I'). Explicit integration yields a unique function ¢
defined on the closure of H such that ¢ = ¢ and ¢ vanishes at 0, 1, and co. We
define a Beltrami differential v by

(2.21) v(z) = (z — 2)*B(2).

Solving the differential equation (2.6), one obtains a unique solution for f[v](z).
From here, a computation yields

plv] = oV]" = (flv] +if[ir)" = o,
showing surjectivity. For details of the computation, see Theorem 2 of [1]. O

The inverse map Q(I') — B(T") defined by (2.21) may be used to construct a
basis of the quotient space, and such differentials are significant for computational
purposes.
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Definition 2.22. Beltrami differentials of the form described in (2.21) are called
harmonic.

Harmonic Beltrami differentials span a 69 — 6 dimensional real subspace of B(T'),
which we denote by HB(T).

Remark 2.23. Let v = (2 — 2)?%(2) € HB(I'). One may compute an integral
representation for w[v] as in Proposition 2.7 given by

all(Q) =~ [ [ v ey

From a series expansion, one computes w[v]” = 25(z). A full proof may be found
in [5], Theorem 6.10.

We now provide several useful characterizations of N (I").

Proposition 2.24. Let v € B(T"). The following are equivalent:
(i) ve N(T),
(i1) ¢lv] =0,
(111) Py[v] =0 for ally €T,
(iv) 4[v] =0 for ally €T,
(v) flV] =0 on R,
(vi) ffH/F vpdzdy =0 for all ¢ € Q(T).

For a proof, see Lemma 1 of Chapter 6 of [2].

2.3. The complex structure. We now use the mapping ® : B(I') — T, taking
p — I'* to show that T, admits the structure of a complex manifold. As a complex
vector space, B(I')/N(T") admits a natural complex structure. By Theorem 2.20,
B(T")/N(T") has complex dimension 3g — 3.

Fix a collection of elements pi, ..., puzg—3 whose residue classes modulo N(I')
form a basis for the quotient space. In particular, any element p € B(I') admits a

unique representation

(2.25) = Cip1 + -+ (3g—3U3g—3 +
where v € N(I'). We define a map m : C*9—3 — B(')/N(T) by

m(¢) = m(Ci,...,C(3g-3) = i1 + - -+ + (3g—3143g—3-
We identify C3973 with R%976 via (; = & +inj — (&;,1;)-

We first show that 7}, is a manifold. Consider the map ¢ — "€ from the unit
ball of R%976 to T, viewed as a subspace of R%~C. Letting u = (u1,...,ugg—¢) de-
note the coordinates of the codomain, it is shown in [2] that the u; are smooth func-
tions of (. The columns of the Jacobian matrix at the point m = m((s, ..., (39—3)
are given by

ou . ou
Biﬁk = a(m)[pur], 37771«

Suppose the matrix is singular at the origin. Then there is some R-linear combina-
tion of the py and ipy which lies in N(T'), contradicting the assumption that the py
form a C-linear basis of B(I')/N(T"). Thus, the Jacobian determinant is nonzero.
By the inverse function theorem, some open neighborhood of the origin in R96
is mapped homeomorphically to an open neighborhood of I' € T, C R69=6. Thus,

(2.26) (m) = fiju)-
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T, is an open subset of R%~°. This yields the manifold structure on Teichmiiller
space.

Now we define the complex structure. Note that B(I") inherits a complex struc-
ture from its quotient B(T")/N(T"), where a function f is said to be holomorphic if
f(Cipr + -+ - + (39—3139—3 + ) is holomorphic in y; for all 7.

Definition 2.27. We say a function f : T, — C is holomorphic at I'* if f(I'*) is
holomorphic in p for p in some neighborhood of 0 in B(T").

This definition of being holomorphic may depend on the choice of basepoint
I' = 6(T'y). To verify that it does not, let fo(n) = fa(p | A) as in (2.13). Then
the explicit expression for p = u | A given by (2.11) shows that fy and fy are
simultaneously holomorphic in u.

Equipped with the notion of a holomorphic function on 7}, it remains to see that
there exists a holomorphic coordinate system around each point.

Theorem 2.28. The coordinates (;, are holomorphic.

Proof. For u € B(I') with the representation as in (2.25), we write
Q) = (C1s-- - C3g-3).

Then we have by definition that T () = T'* hence
u(rm(C(u))) = u(TM).
Replacing p by p + tv and differentating with respect to ¢ yields

m) lz Ck(ﬂ)[y]ﬂk] = a(p)[v].
k=1

where m = m({(p)). By (2.14), this is equivalent to

3g—3

As iy, = 1y, it follows from (1V) of Proposition 2.24 that

=ty [LFv].

3g—3

ng L™y, — L*v € N(T).

Replacing v by iv, we obtain
39—3
ch [iv] L™ py, — L*iv € N(T).

The C-linearity of L* then implies that
39—3

> (600l = G0l) £ € NOD)

or equivalently,
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By (2.26) and the linear independence of the partial derivatives of u in a neighbor-
hood of p = 0 established above, this in turn implies

Cr()liv] = iG(p)[V]

for all k. In particular, the derivative of the coordinate (j is C-linear at . That
is, (i is holomorphic. [l

This establishes the complex structure on 7Tj,.

Remark 2.29. There are several constructions of the complex structure on Te-
ichmiiller space. One such method invokes the simultaneous uniformization the-
orem of Bers to embed Ty into Q(I') and involves a more detailed study of the
solutions w*. This approach has a number of advantages over the one presented in
this paper, such as bounds on the image of the embedding. However, the author
finds the construction presented here to be more geometrically motivated. The
interested reader may find details of the Bers embedding in [2] or Chapter 6 of [5].

3. THE WEIL-PETERSSON METRIC

The Weil-Petersson metric on the Teichmiiller space T was introduced by Weil,
generalizing the Petersson inner product on the space of modular forms. Let ds? =
A(2)|dz|? be the Poincaré metric on H, where A\(z) = (2 — z)?. Then \(z)dxdy is
the corresponding area element, which yields an area element for the hyperbolic
metric on Riemann surfaces H/T.

The results of Section 2.3 show that the tangent space to T, at H/I" is identified
with B(T")/N(T"). The Weil-Petersson metric on Ty is defined at the basepoint by

(3.1) (n,v) = /H/F plul(2)¢[v](2)AM(z)dxdy.

To see that it is independent of the choice of representatives for p and v, observe
that the proof of surjectivity in Theorem 2.20 shows that

el =v(z-2)""

hence we may equivalently define the metric by

(n,v) = //H/Fw[u]vdxdy-

Then (vi) of Proposition 2.24 shows that (—,v) =0 for v € N(T').

Choosing a set p1,...,t3g—3 of harmonic Beltrami differentials which form a
basis of the quotient, we obtain an identification of the tangent space with HB(T').
By Gram-Schmidt orthogonalization, one can take the Beltrami differentials to
be orthonormal with respect to the metric at the basepoint I'. At other points
m = m({) of T, recall the identification of B(I") with B(I'"™) described by (2.12).
We then obtain linearly independent Beltrami differentials at points m(¢) in a
neighborhood of ¢ = 0 by

(3.2) p(Q) = L™ pug.
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Then the Weil-Petersson metric at I'™ is defined by

@@y = [ el TNy

— [ el dady
H/T'™
where the second equality is derived as above. Let

pe(z) = (1S ()" = |2 ()™ (2))-

The function p describes the Poincaré density in the image of f™(H). Then an
expansion of L™y and a change of coordinates shows that

(33) (s / /H ; TR (2)pe (=) (1 — [m(Q)(2)[2)2dady

where
uk(€)(2) = (el ()] o f™(2)) - (FI"(2))%.

As before, we may equivalently define it by

(3.4) Q) = [ ui( Qo

From the definition, one sees that the Weil-Petersson metric is Hermitian. The
associated Riemannian metric is given by

(1, v) = 2Re (u, v).

Theorem 3.5. Let p1((),. .., p3g—3(C) be an orthonormal frame for the Weil-
Petersson metric consisting of harmonic Beltrami differentials. Then the com-
ponents of the Weil-Petersson metric

hij (€) = (ui(€), 13 (C))
satisfy
Ohi;  Ohy;
I 9,
In particular, the Weil-Petersson metric is Kahler. That is, the Weil-Petersson
metric in these coordinates takes the form

(3.6)

39g—3

i=1
The proof of the theorem relies on the following lemma.

Lemma 3.7. If v is a harmonic Beltrami differential, then plv] = 0.

Proof. The proof is computational, using the explicit form for f [v] that may be
derived in the proof of Theorem 2.20. For details, see Lemma 2 of [1]. O

An equivalent formulation is that the first derivatives of p(¢) vanish at ¢ = 0.
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Proof of Theorem 3.5. Differentiating both sides of (3.3) with respect to {x at { =0
yields
G

8hij = (%z- Z) U5 z V; z z z)dx
<o>//H/F( (0)(2) - 5(0)(2) + 0:(0) (=) - ZZ(0) ))A( \dady

Ik A
| o)
+ [ OO T 0y

The second term vanishes by Lemma 3.7. On the other hand, differentiating (3.4)
yields

ahij = Ovi z2)-Q.(2)A(2)dx
0= [[ G0 B,

where we have explicitly used the definition of a harmonic Beltrami differential.
Noting that v;(0) = ¢;, it follows that

ov; -
//H/F pi(2) - o0, (0)(2)A(2z)dzdy = 0.

An entirely analogous computation shows that

// wi(2) - %(0)(2))\(2)dxdy = 0.
H/T ¢y,
Interchanging ¢ and j, we conclude that (3.6) holds. O

Remark 3.8. An equivalent formulation of the above is that the orthonormal frame
of harmonic Beltrami differentials form normal coordinates. In these coordinates,
the unique geodesic through the origin with tangent direction v is the line v(t) = tv.
Furthermore, the covariant Hessian of a function f in normal coordinates is simply

d?f(y(t
(3.9) Hess; (v, v) — % B
since the Christoffel symbols vanish. Thus, it suffices to show (3.9) is positive
definite to conclude that f is strictly convex along geodesics for the Weil-Petersson

metric. This will be the key to the computation in Section 5.

4. EICHLER INTEGRALS AND THE BELTRAMI EQUATION

Now that we have developed the analytic theory of Teichmiiller space, we begin
working towards a solution to the Nielsen realization problem. This will involve
showing the convexity of a certain function. For the purposes of computing the
Hessian of a function on Ty, it is necessary to have a solution to the Beltrami
equation (2.1) which we may approximate to order two. To this end, we review
the theory of Eichler integrals, introduced by Eichler in his study of automorphic
forms.

Let ¢(2) be a holomorphic quadratic differential in the lower half plane L = {z €
C:Imz < 0}. Fix a point wg € L. Define the Eichler integral Ey : L — C of ¢ by

(4.1) Ey(w) = /w(w — )% (v)dv.

wWo

A brief computation reveals that E(w) = 2¢(w) and (Ey )z = 0. One may think
of Fy as a holomorphic vector field on L.
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If ¢ € Q(I'), the Eichler integral Ey need not be I'-equivariant. As in (2.18),
the obstruction to being such is measured by the Eichler period

Ey(y(w))
4.2 P,(w) = ——————=
( ) ’Y( ) ’Y/(U))
In fact, the Eichler period is also quadratic in w.

_Ew(w)a Y E T.

Lemma 4.3.

(4.4) Py (w) = / (w — v)*(v)dv.
7~ (wo)
Proof. First note the identity
(yw —yv)? >
—— = (w —v)*“.
Yy Y

Then a direct calculation yields
Py(w) = Ey(v(w)) /7' (w) — Ey(w)
T (yqp — )2 w
= / bw=v? P(v)dv — / (w — v)*¢(v)dv

wo r}/ (w) wo

:/f M¢(U)dz—/w(w—v)2w(v)dv

—twg V(W)Y (V) wo

=AW (w — o) (w)do.

71’(1)0

O

Remark 4.5. Tt is no coincidence that the Eichler periods and the periods in (2.18)
are quadratic polynomials. A more conceptual explanation for their appearance is
as follows. Note that I' < PSL(2,C), which acts on C by automorphisms. The
space of holomorphic vector fields on C is identified with the space of quadratic
polynomials. The Lie algebra of PSL(2,C), denoted sl5C, is canonically identified
with holomorphic vector fields on ¢ by differentiating the action of PSL(2,C) by
Mébius transformations. For v € I, the periods P, as defined in (2.18) and (4.2)
represent infinitesimal perturbations of 7y, hence they are identified with elements
of sloC. This observation connects to the theory of Eichler integrals and Kodaira-
Spencer deformation theory. The curious reader is encouraged to see Chapter 7.2.4
of [5].

Suppose now we are given a holomorphic quadratic differential ¢ defined on H.
In analogy with the Eichler integral (4.1), fix a point zy € H and consider the
function F, : H — C defined by

Fu(z) = /Z(E— t)2p(t)dt.

20
Then (F,)z = (2 — 2)%p(z).
Remark 4.6. Observe that (F,)z is the harmonic Beltrami differential obtained

from ¢, which indicates that F\, may serve as a suitable replacement for the varia-
tion f[v] where v = (2 — 2)*®.
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As before, if the quadratic differential ¢ is I'-equivariant, it does not necessarily
follow that F, is I'-equivariant. The obstruction to being such is measured by the
analogously defined period.

Lemma 4.7. If ¢(z) = ¢(Z) and wo = Zo, then the periods Ey, and F, are equal.
Proof. Let v € I'. As in the proof of Lemma 4.3, we compute
F zZ0 zZ0 _ _
EOE) _peo= [0 c-vrpa= [ -oma
v (Z) v~ 1zo y~1zo
On the other hand, the Eichler period is

/jo (Z — v)%0(T)dv.

_1%

Since T' < PSL(2,R), we have v~ 1(Z5) = v~ 1(20), hence the change of variables
v =t yields the result. O

Now for ¢ € Q(T"), consider the function

Fol2) = F(z), zeH,
TV E(2), 2 e Lowith ¢(2) = ¢(Z) and wy = .

Heuristically, one may view % as a global potential for the harmonic Beltrami
differential v constructed from . The following proposition justifies this.

Proposition 4.8. Let ¢ € Q(T'). Forv = (z —2)%p,
(4.9) wv|(z) = Fo(2) + q(2)
where q(z) is a quadratic polynomial.

Proof. First observe that on I. we have by definition that

FU(=) = B"(2) = 26(3) = )" (2)

where the last equality holds by Remark 2.23. Therefore, %, and w differ by a
quadratic polynomial ¢(z) on L. Now consider

G(z) = wv] — Fp — q(2).

By definition, G(z) vanishes for z € L. For z € H], note that w[v]z = v = F%, hence
Gz = q(z)z = 0. That is, G is a holomorphic vector field on HUL. For v € T', the
period

GO1(2) o,
ORI

is a polynomial since the periods of the summands are polynomials (see Remark 2.17).
On the other hand, the period of G vanishes identically on L. By the identity the-
orem for holomorphic functions, the period vanishes on all of HU L, hence G is a
I'-equivariant holomorphic vector field. That is, G descends to a global holomor-
phic vector field on the Riemann surface H/T'. By the Riemann-Roch theorem, the
degree of the holomorphic tangent bundle of a compact Riemann surface is 2 — 2g.
Thus, for g > 2, the only global holomorphic vector field is zero everywhere. We
conclude that G = 0. (]
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By (2.10), we immediately deduce that
(4.10) fi1=(F +a)(2) +(F + 9.
Writing ¢(z) = a2z + bz + ¢, we are in fact able to derive the coefficients a and c.

Lemma 4.11. With notation as above,

L™ o AT pema
= — t)dt = — t2¢p(t)dt.
oy ANCLC A_I/A_lzo "0
Proof. Indeed, by normalization, the period f[v](Az)/A — f[v] vanishes at 0 and is
0(|z]?) as z — oco. On the other hand, the period is a quadratic polynomial, hence
it is necessarily a multiple of z. Therefore, by Proposition 4.8 we have that
Fo(Az) + q(A2)
A

is a multiple of z. Expanding the above and setting the constant term and coefficient
of 22 to be equal to zero yields the result. ([

— F4(2) —q(2)

5. CONVEXITY OF GEODESIC LENGTH FUNCTIONS
Fix a simple closed curve « on the surface S,.

Definition 5.1. The geodesic length function I, : T, — R is the map taking I" to
the length of the unique geodesic representative in the free homotopy class of v on
the Riemann surface H/T.

The goal of this section is to compute the second derivative of [, in the direction of
a harmonic Beltrami differential p and show that it is positive. By Remark 3.8, this
will show that geodesic length functions are strictly convex along Weil-Petersson
geodesics. We derive some general formulas and then sketch the computation.

We begin by deriving the formula for the first variation of the geodesic length
function. Conjugating if necessary, we may assume that the geodesic representative
of « lifts to the imaginary axis and corresponds to the transformation z — Az where
A = e(B) > 1. Thus, for the remainder of the section we assume that z — Az is
contained in I'. A Beltrami differential 4 € B(T') determines a curve I'** in T, for
t € (—¢,¢e) for € small.

Proposition 5.2 ([4], Theorem 2).

dl 2
—| T™=ZRe / uC2dédn
dt =0 ™ D

where D ={¢ € H:1 < |¢] < A}.

(5.3)

Proof. The transformation z — (t)z corresponding to the geodesic in H/T* is
defined by the equation

(5-4) FHN2) = A1) f™(2)
(compare with (2.4)). Differentiating both sides of (5.4) at ¢t = 0 yields
(5.5) Flul(Az) = X(0)z + Aflu](2).

By the definition of hyperbolic length,
L, (T") =log A(t).



TEICHMULLER SPACE AND THE NIELSEN REALIZATION PROBLEM 15

Therefore,
iy

pie_ XO) _ flWO2)  flu(2)
dt ‘

(5-6) A Az z

t=0

Recall the integral representation for f [#] described in Proposition 2.7. Substi-
tuting into (5.6) yields
dl )\
dt |,_, z
Rewriting the above integral by summing over translations of the domain D = {1 <
|| < A} and using that pw(A) = p(Q) by I-invariance of u, we obtain

dt |,_, et Az z
Observe the identity
Atz (A" AT
MN"R(2,() = - == < - ) ,

from which we compute

S on (BN R(z,AQ)\ \n-1
Z )\2 ( Az a z >_ C Z ()\n —Z )\nlC_Z>

A

N QHoo)\ng_z
1
==

where we use that the series telescopes and that A > 1. We conclude that

by e = gRe (// u§_2d§dn>
t=0 ™ D

dt

as claimed. 0

We now proceed with a computation of the second derivative. We note that the
tangent to the curve at the point I'** is represented by the Beltrami differential
Ly (see (2.12)).
Theorem 5.7.

d?l 4 lul. — f
dtQ =0 ™ D ZS

where D ={C € H:1 < || < A}.

(5.8)

Proof. By Proposition 5.2, the first derivative of [, as a function of ¢ is given by
dl 2

= 2o C2L(C)dgdn
dt u <I¢l<A®)

where A(t) is defined as in (5.4). Changing variables to ¢ = f°(z) pulls the integral
back to the domain D, yielding

(f(2)
thu R tﬂ R
/ ! (NfE”(Z)P |f(z)|2>| (f")|dzdy
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where |D(f**)| denotes the Jacobian determinant. Since

ID(f*")] = |fim? — | f22

o 2o ([ () )

Finally, we use the first order approximation f*(z) = z +tf[u] + O(t?) and differ-
entiate under the integral sign with respect to ¢ to obtain (5.8). ]

we obtain

A quadratic differential ¢ € Q(T") admits a local representation as ¢(z)dz? where
w(Az) = p(z). We want to obtain a series expansion for ¢ for computational
purposes. To do so, observe that the function f(z) := @(\?) is 1-periodic, hence
admits a Fourier expansion

[eS)
E an627rznz.

n=—oo

It follows that
log z 2me
(5.9) o(z) = (logA) Z anz®™™, e= Tog A

For the remainder of the section, we fix a holomorphic branch of log to be real at
1. The series converges uniformly on compact subsets of H.

We proceed with the computation of (5.8). By combining (4.10) and Lemma 4.11,
we establish

(5.10) f(2) = w(2) + w(z) = 22Re A + 22Re B + 2Re C + 22Reb.

where

20

A(z):/z ()dt+$ [ et

B(z) = -2 /Z to(t)dt

Z0

z )\ zZ0
Cz) = / odt+ [ 2o
Z0 )\ 1 )\7120

For h a holomorphic function, the Cauchy-Riemann equations imply that (Reh), =
%hz. It follows that
(5.11) 2f.(z) — f(z) = 222Re A — 2Re C.

The series expansion for ¢ now yields a series expansion for the left hand side of
(5.11).

Lemma 5.12.

. . 9 e anz”“l > Ay
(5.13) 2f:(2) = f(z) =2°2Re Y ——— —2Re »_

en—1 en+1°
=—00

anJrl

n=—oo

Proof. Noting the identity
()\t)sn — 7 log )\tsn — ¢En

)

an explicit integration of the series expansion of ¢ yields the result. [
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We now compute (5.8) using the series expansions derived above. The series
converge uniformly on compact subsets, enabling term-by-term integration. We
sketch the integration for each series separately. For details of both computations,
see Section 4 of [7].

Lemma 5.14. For o, 3 € C,

em 1 en—1
Re / (z —2)? <a22 ) —Re bz drdy =0, if m # +n,
D z z en—1

em —En 1 en—1 —en—1
Re / (z —2)2 (OMW) ~Re <az + pz ) dxdy > 0,
D

22 z en—1  —en—1
where equality holds if and only if « = 3 = 0.
Proof. Convert the integrals to polar coordinates. In the first case, one finds that

the integral vanishes due to orthogonality of trigonometric functions. In the second
case, the integral reduces to

2
1+ |en|?
and the result follows. O

/7r ‘aeie(sn—l) + Beif(—en) 2 sinZ 040
0

An entirely similar method of proof yields

Lemma 5.15. For v,6 € C,

em 1 en+1
—Re / (z —2)? (az ) Re Bz drdy =0, if m # +n,
D

22 23 en+1

o Em —En 1 en+1 —en+1
—Re / (z —2)? (W> Re (az + bz ) dxdy > 0,
D

22 23 en+1 —en+1

where equality holds if and only if « = = 0.

Corollary 5.16. With notation as in Theorem 5.7, if p € B(T') is a non-zero
harmonic Beltrami differential, then
d?l,

T | RZINI)

t=0

Proof. If = (2 — 2)?% is non-zero, then applying the results of Lemma 5.12,
Lemma 5.14, and Lemma 5.15 to the right hand side of Theorem 5.7 yield the
result. O

By the discussion in Remark 3.8, we have proven the following.

Theorem 5.17. The geodesic length function l, is strictly convex along Weil-
Petersson geodesics.

6. THE NIELSEN REALIZATION PROBLEM

We are finally in a position to prove the positive answer to the Nielsen realization
problem.

Theorem 6.1. Let G be a finite subgroup of the mapping class group Mod(S) of a
closed surface of genus g. Then there exists a point x € Ty such that g -z = x for
all g € G.

We establish a preliminary result.
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Definition 6.2. A collection of simple closed curves {«;}?; is said to fill up S
if, when they are chosen to have minimal pairwise intersections, S — U?:l a; is a
union of disks.

For a simple closed curve a on S, recall the geodesic length function [, as in
Definition 5.1.

Lemma 6.3 ([6], Lemma 3.1). If A = {o;}'_ fills up S, then the length function
la =311 la, is a proper function.

Proof. It suffices to show that Bo(M) = {z € T, : la(z) < M} is bounded for
any M € R. We recall Mumford’s compactness theorem, which implies that given
an unbounded sequence in Tj, there exists a simple closed curve v on S such that
[,(S) = 0. Then by the collar lemma, any curve which intersects v has length
tending to infinity. Therefore, a subset of T}, is bounded if and only if the length
of every simple closed geodesic is bounded.

Since A fills up S, any simple closed geodesic v in S can be homotoped so that
it lies in U?zl «; and intersects any point of S at most IV times, where N depends
only on the homotopy class of «v. Therefore,

ly(z) < Nlg(xz) < MN,
so the lengths of simple closed geodesics are bounded on B4 (M). [l

An immediate corollary is that [4 realizes a minimum in Tj,.

Proof of Theorem 6.1. Fix a family A = {«a;}; of simple closed curves that fill up
S. Since the mapping class group acts on Teichmiiller space by isometries for the
Weil-Petersson metric, the length function 14 is G-invariant. It follows that the set
of minima for [4 is G-invariant.

As observed above, the function /4 admits a minimum in 7}, say . Suppose
there exists another minimum y # x. Connect z and y by a Weil-Petersson geodesic.
By Theorem 5.17, [ 4 is strictly convex along the geodesic, but this contradicts the
assumption that both points are minima. Thus, the minimum of [ 4 is unique, hence
it is a fixed point of G. ]
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